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Abstract We present a prescription for consistently con-
structing non-Fock coherent flavour neutrino states within
the framework of the seesaw mechanism, and establish that
the physical vacuum of massive neutrinos is a condensate
of Standard Model massless neutrino states. The coherent
states, involving a finite number of massive states, are derived
by constructing their creation operator. This construction ful-
fills automatically the key requirement of coherence for the
oscillations of particles to occur. We comment on the inher-
ent non-unitarity of the oscillation probability induced by the
requirement of coherence.
Dedicated to the memory of Samoil Bilenky
1 Introduction
The nature of neutrinos, either as Dirac or Majorana particles
[1], is directly related to their mass-generating scheme. The
seesaw mechanism [2–12], with its type-variations, leads up
to Majorana neutrinos and is generally considered as one
of the most plausible explanations for the small neutrino
masses, though the confirmation of the Majorana nature by
neutrinoless double beta decay [13] is still far from being
established. Recently, a novel concept has been presented to
distinguish between the Dirac or Majorana nature of neutri-
nos, based on weak charge of aggregate matter [14]. From
the point of view of quantum field theory, the question “how
do neutrinos oscillate” is at least as intriguing as the ques-
tions “how do neutrinos acquire such tiny masses compared
to other leptons”. Most of the present-day efforts are put into
giving an answer to the latter question. The seesaw mecha-
nism ascribes the smallness of the observed neutrino masses
to the largeness of a new physics energy scale which controls
the mass of neutrinos. In all its versions, it represents concrete
models of Weinberg’s lepton number violating higher order
operators involving the Standard Model Higgs field [15] and
a e-mail: anca.tureanu@helsinki.fi (corresponding author)
usually respecting the Standard Model gauge symmetry. In a
more ample context, the seesaw mechanism leads to an expla-
nation of the matter-antimatter asymmetry in the Universe,
through leptogenesis [16]. The strong appeal of the seesaw
mechanism is partially curtailed by the UV sensitivity of the
Higgs mass squared, which is quadratically sensitive to the
seesaw scale, thus inducing a fine-tuning problem (see, for
example, the review [17]).
In this paper, our focus will be on the question of “how do
neutrinos oscillate”, and more specifically, on the coherence
of the superposition of massive neutrino states engendered by
the seesaw mechanism. Pontecorvo’s extension of the state
mixing and oscillation paradigm from the K0 − K̄0 system
[18,19] to neutrinos [20–23] (see also [24]) is based on two
sine qua non requirements: i) the massive neutrino states have
different masses; ii) the superposition of the massive neutrino
states is coherent. Here, by coherence is meant that the rel-
ative phases between the particle states composing a flavour
neutrino state are fixed. The second requirement is the source
of a deep conceptual problem, since quantum field theory
does not give a prescription for defining coherent superposi-
tions of states belonging to different Fock spaces. Our main
concern now is to establish such a prescription for the specific
case of oscillating neutrino states that are superpositions of
Majorana states generated by the seesaw mechanism, using
the general formulation proposed in [25,26].
According to the Gribov–Pontecorvo conjecture [22], the




U∗li |νi 〉, l = e, μ, τ, (1.1)
where |νi 〉, i = 1, 2, . . . , N are massive (Majorana) neu-
trino states, U is the Pontecorvo–Maki–Nakagawa–Sakata
(PMNS) mixing matrix of neutrino fields, and L and R
denote the left and right chiralities. The latter appears in the
diagonalization of the seesaw Lagrangian by the change of
variables from the flavour fields νl L(x) and the sterile fields
νsR(x) to the massive fields νi L(x):
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where C is the charge conjugation matrix. To this definition,
one has to add the supplementary assumption of coherent
superposition of the massive neutrino states in (1.1). This
assumption is as old as the first proposal of particle mixing
in the K0 − K̄0 system – the coherence of superposed par-
ticle states is obtained by default if the states have the same
mass (i.e. belong to the same Fock space) [18,19], but not
when the states have different masses. There is a rich liter-
ature regarding various definitions of flavour states in quan-
tum field theory, including also coherence (for a far-from-
complete selection, see [27–44]). The coherence is usually
implemented using the notion of wave packets pioneered
in Refs. [45,46] for free neutrinos and applied to various
physical settings, like cosmic neutrinos [47], neutrinos pro-
duced by electrons in crystals [48], supernova neutrinos [49]
and many others. Here, we shall pursue another approach,
generalizing the technique previously proposed for the con-
struction of coherent oscillating particle states in the context
of neutron-antineutron [25] and Dirac neutrino oscillations
[26].
In this paper we show that the seesaw oscillating neutrino
states can be obtained as intrinsically coherent superposi-











p2 + m2i , i = 1, 2, . . . , N are the energies
of the neutrinos of mass mi and momentum p. By intrin-
sic coherence it is meant that the feature is (mathematically)
built in the states by definition, and does not necessitate sup-
plementary quantum mechanical arguments.
For this construction we make use of the only genuine
coherent state à la Klauder–Sudarshan–Glauber [50–52] that
can be built in quantum field theory, namely the vacuum
state of a theory with a mass gap [53]. The extra factors
are the coefficients of the Bogoliubov transformations which
express the interaction-induced mass gap between the Stan-
dard Model massless neutrinos and the massive neutrinos of
the seesaw mechanism. The oscillating flavour states defined
by (1.3) are not orthogonal, what is a direct consequence of
their coherence, since coherent states always overlap [50–
52]. Nevertheless, for ultrarelativistic neutrinos, the overlap
of flavour neutrinos (that would translate experimentally into
zero-length conversion of one flavour into another) is way
below the present detection accuracy, except for future low-
energy neutrino experiments.
The structure of the paper is the following. In Sect. 2 we
collect the basic formulas of the seesaw mechanism [54,55]
for fixing the notation and for further reference; the reader
familiar with the subject can skip to the next section. In
Sect. 3 we construct the coherent oscillating states for Dirac–
Majorana neutrinos, which can straightforwardly be particu-
larized to the type I/III and II seesaw schemes. We show how
the coherence is built in the oscillating states, by performing
only coherence-preserving transformations. The technique
is inspired by Bogoliubov’s treatment of superconductivity
[56,57] and the Nambu–Jona-Lasinio scheme [58] for the
dynamical mass generation of nucleons, adapted here to the
case of fields with Majorana mixing terms. The same results
are obtained in Appendix A by using the direct procedure of
Hamiltonian diagonalization. Furthermore, we discuss also
the normalization and the orthogonality of the oscillating
neutrino states. In Sect. 4 we view the results in a wider
context, including the potential effects on the interpretation
of the KATRIN and PTOLEMY experiments, in which the
neutrinos are non-relativistic.
2 Lagrangian description of seesaw mechanism
We consider a mixed seesaw mechanism for one generation
of neutrinos, with the Lagrangian:













νTR (x)CνR(x) + νR(x)CνTR(x)
)
, (2.1)
where mD ,mR , andmL are real parameters satisfyingmL 
mD  mR and C is the charge conjugation matrix (see,
for example, [54,55,59–61]).1 The field νL(x) is the active
neutrino field which appears in charged- and neutral-current
weak interactions. The field νR(x) is a so-called sterile neu-
trino field, which does not carry any Standard Model quantum
numbers.
The Lagrangian (2.1) is usually regarded as a classical
object, with the fields νL and νR satisfying coupled equations
of motion. The straightforward way to quantize the model
1 This choice of real mass parameters implies conservation ofCP sym-
metry. The most general case is when all three masses are complex.
However, two of the phases can be absorbed by rephasing the fields
νL and νR , which leaves only one CP violating Majorana phase. The
diagonalization of (2.1) with complex mL can be found, for example,
in [54]. For our purposes, it is sufficient to consider the CP even case.
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μ∂μ − m2)ν2(x), (2.2)
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(mR − mL) ∓ 1
2
√
(mR − mL)2 + 4m2D
∣∣∣∣ . (2.6)
The parameters ρ1 and ρ2 are chosen such that ρ2i = ±1,
with the role of compensating for a possible negative mass
which can appear from the interplay of the values of the
parameters mD,mL ,mR . For example, ρ2 = 1 always, since
1
2 (mR − mL) + 12
√
(mR − mL)2 + 4m2D > 0. On the other
hand, ρ1 = 1 ifmRmL ≥ m2D , while ρ1 = i ifmRmL ≤ m2D .






∣∣∣∣∣ , m2 ≈ mR . (2.7)
Typically, the left-handed Majorana mass mL is generated
also by a seesaw effect, for example by coupling the Stan-
dard Model lepton doublets with a SU (2) triplet of massive
scalars, in which case mL ≈ λv2	 , where λ is a coupling con-
stant, v is the vacuum expectation value of the Higgs field
of the Standard Model and 	 is a high-energy scale propor-
tional to the mass of the triplet of scalars. When mL ≡ 0, we
have the famous seesaw mechanism, nowadays called a type
I seesaw. When mD = mR ≡ 0, we may have a type II see-
saw. Irrespective of the details, a high energy scale beyond
the Standard Model (typically a GUT scale of 1015 − 1016
GeV) is considered to be responsible for the lightness of the
observed neutrino masses in the seesaw mechanism.2 The
2 Due to the sensitivity of the quantum corrections of the Higgs particle
mass to the high-energy seesaw scale, there appears inevitably a hierar-
chy problem, which implies a rather drastic fine tuning of the Yukawa
couplings. On the other hand, there are models in which the high-energy
scale is pushed down to TeV level or even lower, but in those cases the
smallness of neutrino masses cannot be attributed to a seesaw effect.
type I and III seesaw imply the existence of sterile neutrinos
and their mixing with the active species, while in type II see-
saw sterile neutrinos do not appear. The question about the
realization in nature of the seesaw mechanism in any of its
versions is open. nevertheless there are stringent cosmologi-
cal bounds on the mixture of active-sterile neutrinos, mainly
from analyses of Big Bang Nucleosynthesis [62–64] (see also
[65]).
The fields ν1 and ν2 in (2.2) satisfy free Dirac equations
with definite masses m1 and m2, as well as the constraints
νi = C ν̄Ti , i = 1, 2, (2.8)
since, from (2.3), it follows that
νi = νi L + C ν̄Ti L , i = 1, 2. (2.9)
The system described by the Lagrangian (2.2) is straight-
forwardly quantized canonically as two independent, free,
Majorana fields of different masses (see formulas (3.5)
below).
For three generation mixing, we may assume that there
are three sterile3 right-handed neutrino fields νsi R, si =
s1, s2, s3 apart from the three active flavour ones νl L , l =
e, μ, τ . The Lagrangian is








































and MD , ML , MR are 3 × 3 complex non-diagonal mass
matrices, the last two being symmetrical4. If we present the
Lagrangian as







3 There is no stringent reason to assume that the number of sterile fields
is equal to the number of active fields. We do it here in order to make
the technical aspects more transparent, but all the results can be derived
also with an arbitrary number of sterile fields.
4 The notation (νL )c is just a short-hand and we do not attribute it
the meaning of charge conjugation operation for the chiral fields, for
reasons elaborated upon in [66].
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the diagonalization is achieved by a unitary transformation









where V is a 6 × 6 unitary matrix, such that
M = VmV T , with mik = miδik, mi > 0,
∀i = 1, 2, . . . , 6. (2.15)
The actual symbolic diagonalization of the 6 × 6 complex
symmetric matrix M is very difficult, therefore in practical
situations one makes simplifying assumptions. For example,
in the case of type I seesaw, when ML ≡ 0 and all the entries
of the matrix MR are much larger in absolute value than all
the entries of MD , then one can bring the mass matrix M
to an approximate block diagonal form, with a 3 × 3 matrix
Mlight ≈ −MTDM−1R MD containing small mass parameters
and a second 3 × 3 matrix Mheavy ≈ MR containing heavy
masses. The bottom line is that three of the eigenvalues of
the mass matrix M are tiny and three are very large.
The fields νi , i = 1, 2, . . . , 6, satisfy the Majorana con-







μ∂μ − mi )νi (x). (2.16)
Again, the quantization of this system of free fields is trivial.
This procedure does not define unambiguously the flavour
states associated to the flavour fields νL and νR which appear
in (2.12). The fields νL and νR are regarded as interacting
ones, with bilinear interactions given by the mass terms in
(2.12). For interacting fields, one can not find a Fock rep-
resentation [67,68], consequently no “flavour states” asso-
ciated to them [69]. Traditionally, here comes the Gribov–
Pontecorvo conjecture that such states would be produced
coherently, in the form of (1.1), and subsequently oscillate.
It is by now common knowledge that this is a phenomenolog-
ical definition of flavour states, without an exact derivation
from QFT principles. It rather mimics the two- or three-level
systems in quantum mechanics; nevertheless, the principles
of quantum mechanical coherent superpositions of states can
not be applied to the superposition of states of different sys-
tems, i.e. particles of different mass [70]. In what follows,
we shall present a quantum field theoretical construction of
coherent flavour states for seesaw neutrinos.
3 Oscillating neutrino states in the seesaw mechanism
The starting point of our proposed approach for defining
coherent oscillating states is the general principle that all
states of free particles in quantum field theory have to be
generated by the action of a creation operator on the physical
vacuum of the theory. In our prescription, the operator which
fulfills this task is the creation operator of massless Stan-
dard Model neutrinos, acting on the vacuum of the massive
physical neutrinos.
We saw in Sect. 2 that the mixing of fields for diagonaliz-
ing the Lagrangian does not provide a definition of coherent
mixtures of states. In this section, we shall show that the
diagonalization of the Hamiltonian will give us a handle to
define the flavour neutrino states. We shall explain the con-
ceptual and technical details using the one-generation seesaw
model (2.1) and generalize the results for the three-generation
model.
It is known that the flavour fields included in the charged
current weak interactions do not admit a Fock representa-
tion in theories with nondiagonal neutrino mass terms [31]
(see also [69]). According to Pontecorvo’s conjecture that is
the basis of the traditional approach to neutrino oscillations,
the flavour states are postulated by implementing the same
unitary transformation among the massive neutrino states.
This definition would be rigorous only if the massive states
have the same mass, but in this limit the oscillations vanish.
The problem is further complicated by the requirement of
coherence.
In order to define states by the action of an operator on
the vacuum, we have to employ the Hamiltonian formulation.
The results of Hamiltonian diagonalization have to agree with
those of Lagrangian diagonalization. The difference is that
in the Lagrangian formalism we first diagonalize and then
quantize, while in the Hamiltonian formalism we start with
the quantization and then diagonalize.
3.1 Two inequivalent Fock representations



















νTR (x)CνR(x) + νR(x)CνTR(x)
)]
= H0 + Hmass . (3.1)
The fields νL(x) and νR(x) are coupled by their equations of
motion, therefore they have to be treated as interacting fields,
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with the interaction terms proportional to mD,mL ,mR :
iγ μ∂μνL(x) = mDνR(x) + mLνL(x),
iγ μ∂μνR(x) = mDνL(x) + mRνR(x). (3.2)
Let us recall that in the Standard Model, all fermionic
fields are initially introduced as massless fields, and some
of them acquire mass by the Yukawa interaction through the
Brout–Englert–Higgs (BEH) mechanism. This argument is
extended to any model based on gauge theories (GUT, for
example), in which fermionic fields appear at the beginning
as massless multiplet representation of some Lie groups, and
acquire mass by spontaneous symmetry breaking (SSB). In
the same vein, we consider the fields νL(x) and νR(x) as
originally massless, all the mass terms mD,mL ,mR appear-
ing as effective expressions of an attractive interaction and
SSB.





[− ν1(x)iγ k∂kν1(x) + m1ν1(x)ν1(x)
−ν2(x)iγ k∂kν2(x) + m2ν2(x)ν2(x)
]
, (3.3)
where the two masses are given by (2.6), with the fields sat-
isfying the free Dirac equations
(iγ μ∂μ − m1)ν1(x) = 0,
(iγ μ∂μ − m2)ν2(x) = 0, (3.4)
as well as the Majorana conditions (2.8).
Since the Lagrangians (2.1) and (2.2) are equivalent, the
Hamiltonians (3.1) and (3.3) must describe one and the same
system. In the following, we shall exploit this equivalence.
The Hamiltonian (3.3), being in diagonal form, indicates
that the system admits a Fock representation. The fields ν1
and ν2 are of Majorana type, and they are straightforwardly
quantized canonically by imposing the equal-time anticom-





























p2 + m2i , i = 1, 2 and λ stands for the
helicity. The spinors Uλ(mi ,p), Vλ(mi ,p) are defined in







= δi jδλλ′δ(p − k), (3.6)
all the other anticommutators being zero. The Fock space of
the model contains Majorana particle states with masses m1
and m2:
A†1λ(p)|0〉, A†2λ(p)|0〉, etc., (3.7)
where |0〉 is the physical vacuum of the theory, satisfying
Aiλ(p)|0〉 = 0, i = 1, 2. (3.8)
The mode expansion of the normally-ordered Hamiltonian
reads:








which satisfies the axiom
H |0〉 = 0. (3.10)
On the other hand, the Hamiltonian (3.1) cannot be
expanded in terms of creation and annihilation operators of
the fields νL(x) and νR(x), because as interacting fields they
do not admit a Fock representation (the separation into posi-
tive and negative energy modes is not relativistically invari-
ant, since the fields do not satisfy the wave equation; see,
e.g., [53]). What we can do, knowing that the Hamiltonian
is constant in time, is to go to t = 0, namely to consider
νL(x, 0) and νR(x, 0). The time dependency can be restored
by the Heisenberg equations of motion
νL ,R(x, t) = eiHtνL ,R(x, 0)e−i Ht . (3.11)
This is the standard procedure in the case of interacting fields,
described, for example by Bjorken and Drell (see [71], Sect.
15.4).5 Since νL ,R(x, t) as quantum fields have to satisfy
the equal-time anticommutation relations, the procedure out-
lined above is equivalent to identifying at t = 0 the interact-
ing fields νL ,R(x, 0) with the free massless fields ψL ,R(x, 0),
which satisfy the Weyl equations:
iγ μ∂μψL ,R(x) = 0. (3.12)
Namely, we are allowed to write formally (see also [58,78]):
νL(x, 0) = ψL(x, 0),
νR(x, 0) = ψR(x, 0), (3.13)
where, in the helicity basis (see Appendix B for the defini-
tions of the spinors),





















5 Regarding νL ,R(x, t) as Heisenberg fields and νL ,R(x, 0) as
Schrödinger fields, Eq. (3.11) represents the connection between the
Heisenberg and Schrödinger pictures.
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The operators a↓(p), b↑(p), c↑(p), d↓(p) annihilate the vac-
uum |0〉 of the fields ψL ,R , which we call the massless neu-
trino vacuum,
a↓(p)|0〉 = b↑(p)|0〉 = c↑(p)|0〉 = d↓(p)|0〉 = 0, (3.15)
















= δ(p − k), (3.16)
all the other anticommutators being zero. The states
a†↓(p)|0〉 and b†↑(p)|0〉 (3.17)
represent the massless left-helicity neutrino and right-helicity
antineutrino states, corresponding to the active field ψL .
Since the field ψL(x) coincides with the Standard Model
flavour neutrino field, to the states (3.17) we assign the lep-
ton numbers +1 and −1, respectively. The states
c†↑(p)|0〉 and d†↓(p)|0〉 (3.18)
represent the massless right-helicity neutrino and left-helicity
antineutrino, corresponding to the bare sterile field ψR . Alto-
gether, the states created from the vacuum |0〉 form the
Fock representation of the massless Standard Model neutrino
fields.
We emphasize once more that the operators a↓(p), b↑(p),
c↑(p), d†↓(p) are not annihilation operators for the physical
vacuum |0〉 defined by (3.10).






























↑(−p) + c↑(p)c↑(−p) + d†↓(p)d†↓(−p) + d↓(p)d↓(−p)
) ]
. (3.19)
One can verify that
H0|0〉 = 0, (3.20)
but
H |0〉 = 0, (3.21)
which confirms once more that the bare vacuum |0〉 and the
physical vacuum |0〉 are different.
To summarize, we have expressed the Hamiltonian of see-
saw mechanism, corresponding to the Lagrangian (2.1), in
two equivalent forms, (3.9) and (3.19). We have used for
this two inequivalent sets of creation and annihilation opera-
tors, corresponding i) to the Fock representations of massive
neutrinos with the vacuum |0〉 and ii) to the massless SM
neutrinos, with the vacuum |0〉. Between the two sets of oper-
ators there are relations, called Bogoliubov transformations,
that we will establish using (2.3), (3.5), (3.13) and (3.14).
3.2 Bogoliubov transformations
To find the Bogoliubov transformations6, we use first (3.13)
to define a new set of massless free fields, ψ1L(x), ψ2L(x),
by the following sequence of equalities:
(
νL(x, 0)














with the mixing matrix U given by (2.4). As massless chiral
fields, ψ1L(x), ψ2L(x) satisfy also the Weyl equation
iγ μ∂μψi L(x) = 0, i = 1, 2 (3.23)












































6 This is analogous to the procedure used in the Nambu–Jona-Lasinio
model according to the original paper [58]. The essential difference is
that in the case of neutrinos, the massless fields will need to be mixed
before applying the scheme.
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It is straightforward to check, using (3.15) and (3.16), that
{a1λ(p), a†1λ′(k)} = δλλ′δ(p − k),
{a2λ(p), a†2λ′(k)} = δλλ′δ(p − k), (3.27)
all the other anticommutators being zero, as well as
a1λ(p)|0〉 = a2λ(p)|0〉 = 0. (3.28)
The rotations (3.25) and (3.26) are transformations in the
Fock space of massless particles, mixing massless neutrinos
(active and sterile) with definite lepton number into massless
neutrinos with undefined lepton number. This is a genuine
change of basis in the one-particle Hilbert space that under-
lies the Fock space. We emphasize that by such a transfor-
mation we obtain a coherent superposition of particle states
of identical mass.7
Then we rewrite (2.3) at t = 0:
(
νL(x, 0)



















where ψi L are free massless fields and νi L are L-chiral com-
ponents of free massive Majorana fields. Naturally, Eq. (3.30)
is satisfied operatorially only at t = 0, because the two sets
of fields evolve in time with different Hamiltonians.
































where we used the Majorana-extensions ψi = ψi L +Cψ̄Ti L ,
i = 1, 2. Multiplying from the left the first equation by
7 This argument is used by Gell-Mann and Pais in their seminal paper
on CP violation in the K0 − K̄0 system [18], and reiterated by Pais
and Piccioni [19] in the pioneering paper on the particle-antiparticle
oscillations of neutral kaons.
U †













U †λ (m2,p)uλ(p)a2λ(p) + sgnλ
×U †λ (m2,p)vλ(−p)a†2λ(−p). (3.32)
Using the formulas in Appendix B, we bring the Bogoliubov
transformations to the form:
A1λ(p) = α1pa1λ(p) + iβ1p a†1λ(−p),
A2λ(p) = α2pa2λ(p) + iβ2p a†2λ(−p), (3.33)











|αip|2 + |βip|2 = 1, i = 1, 2. (3.35)
This ensures the compatibility between the canonical anti-
commutation relations (3.6) and (3.27).
Using the Bogoliubov transformations (3.33), we can find
a formal relation between the bare vacuum |0〉 and the phys-
ical vacuum |0〉. The latter is a superposition of zero-
momentum and zero-spin pairs of massless bare neutrinos:









The normalization constant N and the coefficients R1p and
R2p are determined by using (3.8) and the normalization con-
dition 〈0|0〉 = 1. Taking into account also the fermionic








α2p − iβ2p a†2λ(p)a†2λ(−p)
)
|0〉. (3.37)
If we express the productsa†1λ(p)a
†
1λ(−p) anda†2λ(p)a†2λ(−p)







using the inverse of (3.25) and (3.26), we can see clearly that
the vacuum state |0〉 violates the lepton number symmetry.
At the same time, |0〉 preserves translational symmetry (the
products have total momentum zero) and rotational invari-
ance (the products have total spin zero). The Hamiltonian
H in the form (3.9) annihilates it. The state |0〉 therefore
satisfies the conditions for a physical vacuum [67].
Although the fields ψ1L(x), ψ2L(x) are massless, there-
fore Weyl, they can be regarded as “proto-Majorana” fields,
in the sense that their creation and annihilation operators are
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directly connected by the Bogoliubov transformations (3.33)
to those of the Majorana fields ν1(x), ν2(x).
The overlap of the two vacua, |0〉 and |0〉, is































infinite volume and infinite momentum limit:
〈0|0〉 → 0. (3.39)
In other words, the Fock space of massless flavour neutrinos
is orthogonal to the Fock space of massive neutrinos. The two
Fock representations of the canonical algebra are unitarily
inequivalent.
In Appendix A, we confirm the results by starting from the
nondiagonal form of the Hamiltonian (3.19) and bringing it
to (3.9), without using at any point the information on mixing
matrices and mass parameters obtained from the Lagrangian
diagonalization. Although the method given in Appendix A
emphasizes the physical meaning of the procedure, it is more
tedious. In the general case of three generations, it becomes
quite hard to apply. On the other hand, the method presented
in this section is straightforward to generalize, as is done in
the next section.
For the one-generation type I seesaw case, the analysis
stops here. There are no oscillating particle states, because
flavour oscillations cannot take place with a single flavour.
Oscillations into sterile states involve a huge mass difference
between the Majorana fields, which presents an unobserv-
able oscillation frequency. However, the technical aspects
detailed above are essential for the formulation of the oscil-
lating neutrino states in the next section.
3.3 Three-generation seesaw model and oscillations
In the case of three-generation mixing, we can define oscil-
lating neutrino states. Just as in the case of Lagrangian diag-
onalization, the concrete analytical expressions of the 6 × 6
mixing matrix and of the diagonal mass matrix are practi-
cally impossible to find. Nevertheless, as it will be seen, the
symbolical calculations lead to exact results, up to the precise
form of the mass parameters. We consider the most general
case, which allows also for CP violation.
We start with the Lagrangian (2.10) and find the corre-
sponding Hamiltonian. We treat the fields νL and νR in (2.11)
as chiral massless fields, with interactions given by the mass
terms. Just as in the one-generation case (see Eq. (3.13)), we
identify
νl L(x, 0) = ψl L(x, 0), l = e, μ, τ,
νsi R(x, 0) = ψsi R(x, 0), i = 1, 2, 3. (3.40)
Assuming the mode expansions of the bare active and sterile
massless fields to be






















the Hamiltonian will have, analogously to (3.19), a non-
diagonal form in the massless creation and annihilation
operators. For its diagonalization, one defines first proto-














where the matrixV is the one that diagonalizes the Lagrangian











, i = 1, 2, . . . , 6. (3.43)



















V †is j c
†
s j↑(p),
i = 1, 2, . . . , 6. (3.44)
The next step is to make use of (2.14) and (3.42), in order
to relate the massless proto-Majorana fields ψi (x) and the
massive Majorana fields νi (x) at t = 0:
ψi (x, 0) = νi (x, 0), i = 1, 2, . . . , 6, (3.45)
where

















p2 + m2i , and
{Aiλ(p), A†jλ′(k)} = δi jδλλ′δ(p − k), (3.48)
123
Eur. Phys. J. C          (2021) 81:1092 Page 9 of 15  1092 
all the other anticommutators being zero. The masses mi are
the elements of the diagonal mass matrix defined in (2.15).
Using (3.45), (3.47) and (3.43), we find immediately the
Bogoliubov transformations:












The flavour number violating physical vacuum |0〉, satis-
fying Aiλ(p)|0〉 = 0, i = 1, 2, . . . , 6, is formally a con-




αip − iβip a†iMλ(p)a†iMλ(−p)
)
|0〉. (3.51)
Definition of the oscillating neutrino states
Our proposed prescription for defining the oscillating neu-
trino states is to use the action of the SM flavour neu-
trino operators a†l↓(p), b
†
l↑(p) on the physical vacuum |0〉.
Through the Schrödinger picture identification (3.40), these
operators are connected to the Majorana neutrino field
νl L(x). The physical motivation for this choice is that those
operators, acting on their own Fock space vacuum |0〉, cre-
ate the SM neutrino states, which carry the flavour quantum
number. Moreover, in the limit in which the lepton number-
violating and flavour-violating interaction vanishes, the pro-
posed oscillating neutrino states reduce to the SM flavour
states, as the vacuum |0〉 also reduces to the vacuum |0〉.
We emphasize once more that the operators a†l↓(p) cannot
create one-particle Fock states from the physical vacuum.
Instead they create coherent superpositions of massive Fock


























If we introduce the diagonal matrix
α(p) = αipδik, i, k = 1, 2, . . . , 6, (3.53)
with αip given by (A.14), then, if the massive fields are
mixed with the unitary mixing matrix V , the massive states
are mixed coherently with the non-unitary mixing matrix
α(p)V ∗ in order to create left-helicity neutrinos and with the
matrix α(p)V to create right-helicity (anti)neutrinos. One can
confirm that the oscillating neutrino/antineutrino states of
different flavour and same momentum overlap, even without
taking into account the smallness of the mixing coefficients
of the heavy states:
〈νl ′λ(p)|νlλ(p)〉 = 0, (3.54)





In principle, the oscillating states can be normalized, but at
this point we do not see any physical reason to do it. Note
that the overlap of different states, though negligible with
respect to the accuracy of the present oscillation experiments
in the ultrarelativistic limit of the light neutrinos, cannot be
removed via normalization. The overlap is a direct conse-
quence of the coherence of the states.
The properties (3.54) and (3.55) underline the fact that the
relations (3.52) do not represent a change of basis between
the mass eigenstates and some “weak eigenstates.”
For type II seesaw, when there are only three light neutri-
nos and no super-massive states, the unitary mixing matrix V
is 3 × 3 and the transition probability for flavour oscillations
is given in the ultrarelativistic limit by
P II









lkVl ′kVl j V
∗









where E is the energy of the neutrinos and L is the source-
detector distance.
For type I seesaw, the contribution of the very heavy neu-
trino states to the transition probability is vanishingly small,
because the coefficients Vlk , whenmk is very large, are negli-
gible compared to the mixing coefficients for the light states.
The multiplication by αkp reduces Vlk even more (effectively
by a factor 1/
√









lk Nl ′k Nl j N
∗









where the matrix N is the 3 × 3 upper left quadrant of the
matrix V , namely the part which mixes the light neutrino
fields.
As far as CP violation is concerned, let us note that the real
“coherence factors” αip do not modify the Dirac or Majorana
CP violating phases, which are solely due to the fields mixing
matrix V . Nevertheless, the absolute values of the mixing
coefficients of states are modified depending on the momenta
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of the neutrinos. The analysis of CP violation with either
Dirac or Dirac and Majorana phases remains the same as in
the traditional approach [72–77].
4 Discussion and outlook
The current neutrino oscillation paradigm asserts that neu-
trinos undergo flavour oscillations if the flavour states are
superpositions of mass eigenstates and if the superpositions
are coherent. In this paper, we have explored the prescription
for defining intrinsically coherent oscillating neutrino states
earlier proposed in [25,26], within the context of the seesaw
mechanism. The Majorana character of the particles that mix
adds an extra layer of complication, as the vacuum violates
fermionic number, as well as flavour. We have thus confirmed
that the coherent flavour neutrino states have the universal
and simple form (1.3), irrespective of the Dirac or Majorana
character of the neutrinos. The coherence factors are Bogoli-
ubov coefficients relating the two natural Fock spaces (one
fictitious – the massless flavour space, and one physical –
the massive neutrino space) involved in the definition of the
respective oscillating states.
In essence, the possibility of defining the oscillating neu-
trino states according to the present scheme is directly related
to the structure of the vacuum of the physical massive neu-
trinos, as a condensate of Cooper-like pairs of massless SM
flavour neutrinos. Expressed in this way, the vacuum clearly
exhibits the fermion number violation, as well as the flavour
violation, while retaining its Poincaré invariance, as it should.
This is a manifestation of Coleman’s theorem [81], according
to which in a relativistic quantum field theory, the invariance
of the vacuum is the invariance of the world. The condensa-
tion of massless neutrinos is formally achieved by the attrac-
tive Yukawa interaction that leads to mass generation (either
Dirac mass, through the SM Brout–Englert–Higgs mecha-
nism, or Majorana mass, through a triplet Higgs interaction,
as in type II seesaw). The interplay of two vacua and the inter-
pretation of the Majorana neutrino as a Bogoliubov quasipar-
ticle have been explored also in earlier papers [27,39–41].
Unlike the quantum mechanical coherent states [50–52],
which are superpositions of an infinite number of particle
states, the oscillating coherent states of neutrinos are not
eigenstates of the annihilation operator. On the other hand,
they share the characteristic non-orthogonality, meaning that
two coherent states are never completely disjoint. As a result,
there exists the so-called zero-distance flavour conversion,
where any electron neutrino state, for example, has a tiny
overlap with the muon neutrino and tau neutrino. Such an
effect is well-known in the case of type I (and III) seesaw
scheme (see, for example, [79,80]), but in our prescription
it appears for all the Majorana or Dirac neutrino oscilla-
tions. A similar general overlap at zero-distance is encoun-
tered in the phenomenological definition of production and
detection flavour neutrino states [29,33]. The amount of non-
orthogonality of the coherent oscillating states in the present
scheme depends on the energy of the states, being small for
ultrarelativistic neutrino. Since hitherto the oscillation exper-
iments have been performed with ultrarelativistic neutrinos,
such departures from unitarity are far beyond the sensitivity
of the current observations.
In this connection, we would like to emphasize that zero-
distance conversion, even in the absence of sterile neutrinos,
does not violate any physical principle. Since the neutrinos
are not directly observed in experiments, it is customary to
identify the flavour neutrinos by the emitted charged lep-
ton, which are detected (see, for example [31]). This is a
justifiable phenomenological approach for interpreting the
experimental data within the present accuracy levels. Nev-
ertheless, it is a working definition and not a law. The fact
that zero-distance conversion has not been observed is due
to experimental limitations, and not to a physical principle
which would impose that flavour states ought to be orthogo-
nal8. Consequently, the possibility of zero-distance conver-
sion among different flavours is not theoretically excluded.
Since the coherence factors are significant for non-
relativistic neutrinos, the present approach could be relevant
for the analysis of low-energy neutrino experiments, like the
measurement of the absolute mass of the electron neutrino
in the KATRIN experiment [82], or the planned PTOLEMY
[83] experiment for the detection of the Cosmic Neutrino
Background. At a conceptual level, our results show that
the coherence of oscillating neutrino states can be formu-
lated using a strictly quantum field theoretical scheme, with-
out invoking wave packets and other quantum mechanical
notions. This will shed a new light on neutrinos in cosmology
[84], namely on the analysis of astrophysical neutrino pro-
cesses, where the coherence and decoherence are essential
[85–88]. Nevertheless, the issue of coherence is much more
vast than what we have presented in this paper. A deeper
understanding of it requires a better insight into the nature
of the oscillating flavour states. Even if the wave packets
turn out to be a necessary tool in any formulation of parti-
cle oscillations for reasons of localization, this prescription
provides a solution for the coherence among packets, which
is taken as an assumption in other approaches. It is perhaps
worth recalling that the coherence in the wave packet for-
mulation still depends essentially on the assumption that the
wave packets travel in the same direction, which cannot be
taken for granted if the emissions of massive neutrinos are
independent processes.
8 The situation is similar to the fact that, to this day, right-helicity neu-
trinos have not been detected, due to the suppression by a factor m2i /p
2
by comparison with their left-helicity counterparts. Nevertheless, the
existence of neutrino mass implies their existence.
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This discussion indicates that the next natural step of this
research is to formulate the interaction mechanism for the
coherent oscillating states. It is necessary to know how they
are produced in charged (and even neutral) current interac-
tions also in order to assess the Lorentz invariance and uni-
tarity of the oscillation process as a whole. For example,
the prescription presented in this paper strictly assigns equal
momenta to the mass eigenstates forming an oscillating state.
Apparently this may spoil Lorentz invariance. However, we
note that in this scheme, the annihilation operators for mass-
less neutrinos, acting on the vacuum of massive neutrinos,
also create other coherent states, whose superposition coef-
ficients are proportional to the Bogoliubov coefficients βi ,
that are negligibly small for ultrarelativistic neutrinos. When
considering the production of the oscillating states, however,
all the contributions have to be taken into account, and this is
likely to render the process as a whole Lorentz covariant and
unitary. Further research will settle these essential aspects.
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A Seesaw Hamiltonian diagonalization
The results of Sect. 3 can be obtained also by the procedure of
Hamiltonian diagonalization, without using at all the infor-
mation provided by the Lagrangian diagonalization briefly
reviewed in Sect. 2. Below we sketch the steps of this proce-
dure. We use the notations of Sect. 3.
We start from the Hamiltonian in the form (3.19), which




































Without knowing a priori that this Hamiltonian can be diag-
onalized, we can attempt to achieve the diagonalization by
using canonical transformations of the massless particle cre-
ation and annihilation operators. The first priority is to iso-
late the terms with mixed operators, namely those which are











cos θ sin θ














cos θ − sin θ







where the angle θ is arbitrary and will be later fixed by the
requirement of eliminating the mixed products, while ρ1 and
ρ2 are phases which will be fixed by the requirement that the
physical masses be positive (Autonne–Takagi factorization
of a 2 × 2 unitary matrix).
Let us focus on the left-helicity operators in the Hamilto-
nian (A.1) and see what is the effect of this canonical trans-
formation. We have:
a†↓(p)a↓(p) = |ρ1|2 cos2 θ a†1↓(p)a1↓(p)








d†↓(p)d↓(p) = |ρ1|2 sin2 θ a†1↓(p)a1↓(p) + |ρ2|2 cos2 θ










↓(−p) = sin θ cos θ
×
(
[ρ∗1 ]2a†1↓(p)a†1↓(−p) − [ρ∗2 ]2a†2↓(p)a†2↓(−p)
)
× − ρ∗1ρ∗2 cos2 θa†1↓(p)a2↓ † (−p)
+ρ∗1ρ∗2 sin2 θ a†2↓(p)a†1↓(−p),
a†↓(p)a
†
↓(−p) = [ρ∗1 ]2 cos2 θ a†1↓(p)a†1↓(−p)
+[ρ∗2 ]2 sin2 θ a†2↓(p)a†2↓(−p)
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d†↓(p)d
†
↓(−p) = [ρ∗1 ]2 sin2 θ a†1↓(p)a†1↓(−p)
+[ρ∗2 ]2 cos2 θ a†2↓(p)a†2↓(−p)








As a result, we find that



























2 θ + mR − mL
2





mD sin θ cos θ − mL2 cos







−mD sin θ cos θ − mL2 sin





To eliminate the combinations a†1↓a
†
2↓, we request the
corresponding coefficient in (A.5) to vanish. Note that
a†2↓(p)a
†
1↓(−p) = a†1↓(p)a†2↓(−p) due to both the commu-
tation relations of the creation operators as well as the spinor
structure of the Hamiltonian (3.1). Hence,
mD(sin
2 θ − cos2 θ) + mR − mL
2
2 sin θ cos θ = 0, (A.6)
leading to
tan 2θ = 2mD
mR − mL . (A.7)
Note that we obtained, as expected, the same angle θ as the
one found in the process of Lagrangian diagonalization, Eq.
(2.5).
The coefficient of ia†1↓(p)a
†




mD sin θ cos θ − mL
2













− mD sin θ cos θ − mL
2








In a similar manner, one expresses all the terms in (A.1) in
terms of the operators a1λ, a
†
1λ and a2λ, a
†
2λ.



























with real and positive parameters m1,2 once the factors ρ1,2
have been fixed to fulfill this condition. We note that the
Hamiltonian (A.10) has exactly the form of the BCS Hamil-
tonian in the theory of superconductivity. It is well-known
that such a Hamiltonian is diagonalized by Bogoliubov trans-
formations. We will need two sets of such transformations,
A1λ(p) = α1pa1λ(p) + iβ1p a†1λ(−p),
A2λ(p) = α2pa2λ(p) + iβ2p a†2λ(−p), (A.11)
where αip, βip, i = 1, 2 are complex coefficients to be deter-
mined. To find them, we make the ansatz that the Hamiltonian
(A.10), after applying the transformations (A.11), becomes








Plugging in (A.12) the transformations (A.11), we find that
the two forms of the Hamiltonian coincide if
|αip|2 − |βip|2 = p
Eip
,
αipβip = − mi
2Eip
, i = 1, 2. (A.13)













In conclusion, the method of Hamiltonian diagonaliza-
tion presented above gives identical results with the method
presented in Sect. 3. While the idea of diagonalizing the
Hamiltonian is physically transparent, it is however tech-
nically more tedious. Nevertheless, it justifies the “shortcut”
method described in Sect. 3.
To make an analogy with the dynamical generation of
nucleon masses, the procedure for establishing the vacuum
structure described in Sect. 3 is analogous with the one pre-
sented by Nambu and Jona-Lasinio [58], while the procedure
described in this appendix is analogous to the one detailed
by Umezawa, Takahashi and Kamefuchi in [78].
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B Conventions for spinors

















where σ 0 = 12×2 and σ i , i = 1, 2, 3 are the Pauli matrices.
The charge conjugation matrix is






with the properties: CT = C† = −C .
The solution of the Dirac equation
(iγ μ∂μ − m)ψ(x) = 0 (B.3)














where λ = ± 12 are the helicity eigenvalues and p0 = Ep =√
p2 + m2, with the notation p = |p|. The spinors Uλ(m,p)
and Vλ(m,p) are helicity eigenvectors,
Ŝ · p
p













We also employ the notation
uλ(p) = Uλ(0,p), (B.7)







































































































































where the symbol ↑ denotes the right-handed spinor, while
↓ denotes the left-handed spinor. We use the helicity basis







, χ↓ = η↑ =
(








with θ and φ being the polar and azimuthal angles of the
momentum vector,
p = (p sin θ cos φ, p sin θ sin φ, p cos θ). The basis spinors
χλ and ηλ satisfy
(σ · p)χλ = 2λ p χλ, (σ · p)ηλ = −2λ p ηλ (B.11)
and are normalized as
χ
†




We note as well the relations:
χ↑χ†↑ + χ↓χ†↓ = 12×2, (B.13)
χ↑χ†↑ − χ↓χ†↓ =
(
cos θ sin θe−iφ
sin θeiφ − cos θ
)
= σ · p
p
. (B.14)
The helicity spinors are normalized as
U †λ (m,p)Uλ′(m,p) = 2Epδλλ′ ,
U †λ (m,p)Vλ′(m,−p) = 0, (B.15)
and satisfy the relations:
Ūλ(m,p)Uλ′(m,p) = 2mδλλ′ ,
V̄λ(m,p)Vλ′(m,p) = −2mδλλ′ ,
Ūλ(m,p)Vλ′(m,−p) = −2ip sgnλ δλλ′ ,
V̄λ(m,p)Uλ′(m,−p) = −2ip sgnλ δλλ′ , (B.16)
123




Ūλ(m,p)γ5Vλ′(m,−p) = 2i Epδλλ′ ,
V̄λ(m,p)γ5Uλ′(m,−p) = −2i Epδλλ′ . (B.17)
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